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Abstract 



The notions of Busby-Smith and Green type twisted actions are extended to dis- 
crete unital inverse semigroups. The connection between the two types, and the 
O ' connection with twisted partial actions, are investigated. Decomposition theorems 
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1. Introduction 

O 

CN ■ The work of Renault [Rel] connecting a locally compact groupoid to its am- 

ple inverse semigroup makes the study of inverse semigroups interesting. Some of 

0> ■ the results on inverse semigroups are Paterson's [Pal] and Duncan and Paterson's 

work [DPI], [DP2] on the C*-algebras of inverse semigroups, Kumjian's localiza- 
tion C*-algebras [Kum] and Nica's F-inverse semigroups [Nic]. We have seen in 

Q ; [Sie] that the theory of crossed products can be generalized to inverse semigroups. 

Ch ■ The strong connection between the C* -algebras of locally compact groupoids and 

c^_i . inverse semigroups found by Paterson [Pa2] promises a similar connection between 

the groupoid crossed products of [Re2] and inverse semigroup crossed products. 

K^ [ Green [Gre] and Packer and Raeburn [PR] showed how to use twisted crossed 

Vh I products to decompose crossed product C*-algebras. In this paper we partially 

generalize their results to discrete inverse semigroups. We prove decomposition 
theorems for both Green and Busby-Smith style twisted actions. We show that 
unlike in the group case. Green twisted actions seem slightly more general than 
Busby-Smith twisted actions. 

We show that the close connection between partial actions [Exl], [McC] and 
inverse semigroup actions seen in [Sie] and [Ex3] still holds for the twisted partial 
actions of [Ex2] and Busby-Smith twisted inverse semigroup actions. It is a natural 
question to ask, whether there is a similar connection between Green twisted inverse 
semigroup actions and some sort of Green twisted partial actions. 

The research for this paper was carried out while the author was a student at 
Arizona State University under the supervision of John Quigg. Part of the research 
was done during a short visit at the University of Newcastle. The author is grateful 
to Professor Iain Raeburn for his hospitality. 
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2. Twisted inverse semigroup actions 

Twisted actions of locally compact groups were introduced in [BS]. The inverse 
semigroup version closely follows Exel's definition of twisted partial actions in [Ex2]. 

Recall that a semigroup S is an inverse semigroup if for every s E S there 
exists a unique element s* of S so that ss*s = s and s*ss* = s* . The map s ^-^ s* 
is an involution. An element f E S satisfying /^ = / is called an idempotent of 5". 
The set of idempotents of an inverse semigroup is a semilattice. There is a natural 
partial order on S defined by s < t if and only if s = ts*s. 

Definition 2.1. Let A be a C*-algebra. A partial automorphism of A is an 
isomorphism between two closed ideals of A. 

Definition 2.2. Let A be a C*-algebra, and let S" be a unital inverse semigroup 
with idempotent semilattice E, and unit e. A Busby-Smith twisted action of S on 
A is a pair {P,w), where for all s E S, Ps '■ Eg* ^ Eg is a, partial automorphism of 
A, and for all s, t G 5", Ws,t is a unitary multiplier of Est, such that for all r, s,t E S 
we have 

(a) E, = A; 

(b) (3sPt = Ad Ws,t °Psu 

(c) Ws,t = iM(Bst) if s or t is an idempotent; 

(d) Pr{aWs,t)Wr,st = Pr{a)Wr,sWrs,t for all tt G Er'Est. 

We also refer to the quadruple (A, 5", /3, w) as a Busby-Smith twisted action. 

Note that (3r{aWs,t) makes sense since a — aia2 for some ai, a2 G Er*Est and 
so aws,t = aia2Ws,t G aiEst C Er*. 

Our definition is a generalization of inverse semigroup actions defined in [Sie] . 
Every inverse semigroup action is a trivially twisted Busby-Smith inverse semigroup 
action by taking Wr,s — 1m(_e^s)- Conversely, every trivially twisted Busby-Smith 
inverse semigroup action is an inverse semigroup action. The definition is also a 
generalization of discrete twisted group actions in case our inverse semigroup 5" is 
actually a group. 

The basic properties of Busby-Smith twisted inverse semigroup actions are 
collected in the following. 

Lemma 2.3. If {A, S, /3, w) is a Busby-Smith twisted action and r, s,t E S, then 

(a) Eg = Ess*] 

(b) (3ss* = ids, ; 

(c) (3e = id a; 

(d) Ps' =Adws*,sop-^; 

(e) l3r{Er*Es) = Ers'i 

(f) Pr{aw*s^i-) = Pr{a)wr,stw*s^t'Wr,s ^OT all a E Er*Est; 

(g) Pr{Ws,ta) = Wr,sWrs,tW* stPr{a) foT all tt G Er*Est] 
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(h) f3r{w*^ta) = Wr,stw*g^tW*^gPria) for all a e Er*Est] 

(j) U}s*,s'i-M(E^*^,) = Ws'-^r'rs: 
(k) (3s{Ws*,s) =Ws,s*- 

Proof. (a) and (b) follow from the calculations 

Es = dom {(3s(3s*) = dom (Ad Ws,s* ° I3ss*) = E^s* 

(3f = PfPfPj' = Ad iMiE,) o PffPj' = PfPj' = idE, , 
where / = ss*. (c) is a special case of (b). Using (b) we have (d) since 

Ps* = Ps*psP7^ = Ad ws*,s o /?.*./?r' = Ad ws^-,s o p:\ 

We have 



Pr{Er*Es) = ini (PrPs) = im (Ad Wr,s O Prs) = E. 



rst 



which proves (e). Replacing a by aw* ^ in Definition 2.2(d) gives (f). Applying (f) 
we have (g) because 

(3r{Ws,ta) = (3ria*W*^ty = {(3r{a*)Wr,stW*s^tW*^^)* = Wr,sWrs,tW*^st(3r{a). 

Replacing a by w* ^a in (g) we have (h). To show (i) let b G Es*r*- Then by (a), (b) 
and (e) there is an a G EgEr* = (3r*r{Er*rEs) = Er*rs such that b = (3s*{a). Hence 

b = Ps*{awr*r,s) ( 2.2(c) ) 

^ (3s*{a)Ws*,r*rWs*r'r,sW**,r*rs ( 2.2(d) ) 

= bws*r*r,sW**^^*^^^ ( (a) and 2.2(c) ) , 

which means Ws*r*r,s'Wg* ^*^g is the identity of Es*r*- This implies our statement 
since by (a) both Ws*r*r,s and Ws*,r*rs are unitary multipliers of Es*r*- To show (j) 
let a and b as in the proof of part (i) . Then we have 

b = Ps*{aws^s*r*rs) ( 2.2(c) ) 

= Ps*{a)Ws*,sWs*s,s*r*rsW**^gg*^*^s ( 2.2(d) ) 

and the statement follows as in part (i). Finally, (k) follows from Definition 2.2(c, 
d) if we extend (3s to the multipliers of Eg*. D 
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Recall from [Pet], [CP], [How] that a congruence relation on an inverse semi- 
group S is an equivalence relation ~ on S" such that if s ~ t then rs ~ rt and 
sr ~ tr for all r ^ S. If i? is the idempotent semilattice of 5', then the kernel nor- 
mal system of the congruence ~ on 5" is the set {[/] : / G E} of congruence classes 
containing idempotents. The kernel normal system is exactly the set of idempotents 
in the quotient inverse semigroup 5"/^. The kernel normal system determines the 
congruence relation, since ~ = {(s,t) : ss*,tt*, st* G [/] for some / G E}. 

If ~ is an idempotent- separating congruence, that is, no two idempotents are 
congruent, then every equivalence class [/] in the kernel normal system is a group 
with identity /. The union A^ = U{[/] : / G E} is an inverse subsemigroup of S 
contained in the centralizer of E. It is also a normal subsemigroup, that is, E G N 
and sNs*G N for all s G S. On the other hand, if A^ is normal subsemigroup of 5" 
in the centralizer of E then A^ determines a kernel normal system {[/] : / G E} of 
an idempotent-separating congruence ~, where [f] = {s G N : ss* = /}. We also 
write S/N for S/^. Note that a normal subsemigroup A^ of 5" is contained in the 
centralizer of E if and only if A^ is a Clifford semigroup, that is, A^ is an inverse 
semigroup such that n*n = nn* for all n E N. We call such a subsemigroup A^ a 
normal Clifford subsemigroup of S, that is, A^ is a normal subsemigroup which is also 
a Clifford semigroup. We thus get a bijective correspondence between idempotent- 
separating congruences on S and normal Clifford subsemigroups of S. In the theory 
of twisted group actions, normal subgroups play an important role. For inverse 
semigroups the situation is more complicated, but normal Clifford subsemigroups 
give an appropriate substitute for normal subgroups. 

Definition 2.4. If A^ is a normal Clifford subsemigroup of the inverse semigroup 
S with idempotent semilattice E, then a cross-section c : S/N ^ 5" is called order- 
preserving if c([/]) = / for all / G -E and [s] < [t] implies c([s]) < c([t]) for all 
s,te S. 

Proposition 2.5. Let T be an inverse semigroup with idempotent semilattice E, 
and let N be a normal Clifford subsemigroup of T. Let S = T/N , and suppose 
tliere is an order-preserving cross-section c : S -^ T. For s E S define 

£;, = span U {[/]:/ < c(s)c(s)*, / G E}, 

where the closed linear span is taken in C*{N). Then each Eg is a closed ideal of 
C*{N). Forr,seS define 

Ps ■ Es* -^ Es by Ps{a) = c{s)ac{sy , and 
Wr,s = c{r)c{s)c{rsy G M{Ers). 

Then {C*{N), S, (3,w) is a Busby-Smith twisted action. 
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Proof. First notice that since c{rs)*c{rs) is the identity of the congruence class 
containing {c{r)c{s))*c{r)c{s), we have c{r)c{s) = c{r)c{s)c{rs)*c{rs) = Wr,sc{rs) 
for all r,s E S. Also c(s)c(s)* = c{ss*) because c([/]) = / for all f E E, and 
similarly c{s)*c{s) = c{s*s). Each Eg is a right ideal because if a G N HEg, that is, 
a G [/] for some / < c{s)c{s)* and b G [g], then ab G [fg] C -Eg since fg < c{s)c{s)*. 
A similar argument shows that Eg is also a left ideal. It is clear that each (3s is an 
isomorphism and each Wr,s is a unitary multiplier of Ers- It remains to check the 
conditions of Definition 2.2. Condition (a) holds since Ee = C*{N). 
To check (b), let a G dom (PrPs) n dom {/Srs)- Then 

(3r(3s{a) = c{r)c{s)ac{s)*c{r)* = Wr,sc{rs)ac{rs)*w* ^ = Ad Wr,s o/3rs(a)- 

We need to show that PrPs and Ad Wr,s ° /3rs have the same domain. First we 
show that dom. (3r(3s C dom (3rs- If a G dom. (3r (3s, then a — lim^ a^ for some 
tti G span U {[/] : / < c(s)*c(s)} and c{s)ac{s)* G Er*. Hence c{s)ac{s)* = lim.jbj 
for some bj G span U {[/] : / < c{r)*c{r)}. Since 

c{s)*c{s)ac{s)*c{s) = lim.c{s)*c{s)aic{s)*c{s) = limai = a, 

i i 

we have a = \im.j c{s)*bjc{s). It suffices to show that c{s)*bjc{s) G span U {[/] : 
/ < c{rs)*c{rs)}. This follows from the fact that if 6 G [/] such that / < c{r)*c{r), 
then c{s)*bc{s) G [c{s)*fc{s)] and c{s)*fc{s) < c{syc{r)*c{r)c{s) = c{rs)*c{rs). 

Next we show dom. (3r (3s D dom. (3rs- If a G dom. (3rs, then a = lim^ a^ for some 
ai G span U {[/] : / < c{rs)*c{rs)}. Since 

c{rs)*c{rs) = c{s)* c{r)* c{r)c{s) < c{s)*c{s) , 

tti G span U {[/] : / < c(s)*c(s)} and so a G Eg*. We have c{s)ac{s)* = 
c{s) lim.i aic{s)* = lim^ c(s)aic(s)*, so it remains to check that c{s)aic{s)* G U{[/] : 
/ < c{r)*c{r)}. This is true since if 6 G [/] such that / < c{rs)*c{rs), then 
c{s)bc{s)* G [c{s)fc{s)*] and 

c{s)fc{s)* < c{s)c{rs)*c{rs)c{s)* = c{s)c{s)* c{r)* c{r)c{s)c{s)* < c{r)*c{r) . 

To check (c), fix a G A^ fl -£'[/] s for some f E E. Then a G [g] for some 
idempotent g E T such that 

g < c{[f]s)c{[f]sr = c{[f]ssV]) = c{[f]ssn = fciss*). 

Since c is order-preserving and [/]s < s, we have 

W[f],s = c{[fMs)c{[f]sr > fc{[f]s)c{[f]sr = fc{ss*) 

and so aw^f^^g = w^f-^^gtt = a. The other part of (c) follows similarly. 
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To check (d), fix a G N {~\Er*Est- Since the classes in the kernel normal system 
are disjoint, a G [/] for some f E T such that / < c{r*)c{r*)* = c{r*r) = c{r)*c{r) 
and / < c{st)c{st)*. Now we have 

c{r)aWs,tc{r)*Wr,st = c{r)ac{s)c{t)c{st)*c{r)*c{r)c{st)c{rst)* . 

Since ac{s)c{t)c{sty G [f]st{st)*, the domain projection of ac{s)c{t)c{sty is 
fc{st)c{st)* = f. Hence ac{s)c{t)c{st)*c{r)*c{r) = ac{s)c{t)c{st)* , so 

c{r)aWs,tc{r)*Wr,st = c{r)ac{s)c{t)c{st)*c{st)c{rst)* = c{r)ac{s)c{t)c{rst)* 
= c{r)ac{r)*c{r)c{s)c{t)c{rst)* 
= c{r)ac{r)*c{r)c{s)c{rs)*c{rs)c{t)c{rst)* 
= c{r)ac{r)*Wr,sWrs,t- □ 

In Proposition 9.2 we further investigate the action in the previous lemma. 

Example 2.6. If in Proposition 2.5 A^ is the idempotent semilattice of T, then the 
(trivially) twisted Busby-Smith action becomes the canonical action of the inverse 
semigroup on its semilattice [Sie]. 

Proposition 2.5 shows the significance of an order- preserving cross-section. Un- 
fortunately, these cross-sections do not always exist, as we can see in the following. 

Example 2.7. Let s ={ai, ■ ■ ■ , On) denote the partial bijection in the symmetric 
inverse semigroup X({1, . . . ,n}) whose domain is {i : Oi j^ 0} and s{i) = Oi for all 
i G dom s. Let n = 6 and consider the 19-element inverse subsemigroup generated 
by the elements 

r = (1,4,5,0,0,0), s = (0,5,4,0,0,6). 

It is tedious but not hard to check that we can define a kernel normal system con- 
sisting of {s*r, s*rs*r}, {rs*, rs*rs*} and the singleton sets containing idempotents 
other than s*rs*r and rs*rs*, and the congruence determined by this kernel normal 
system separates idempotents. Then [ss*r] < [r] = {r} and [ss*r] < [s] = {s}, but 
we cannot choose a representative of [ss*r] which is less than both s and r. 

The situation is not as bad as it seems. In many cases we have an order- 
preserving cross section. Recall [Nic] that an F-inverse semigroup is a unital in- 
verse semigroup in which every non-zero element is majorized by a unique maximal 
element. 
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Proposition 2.8. Let S be a unital inverse semigroup with identity e, and let ~ 
be an idempotent-separating congruence on S such that T = 5'/~ is an F-inverse 
semigroup. Denote the set of maximal elements in T by Ai. Choose a cross-section 
c : M. -^ S with c([e]) = e. Extend c to T by defining c(0) = and c{t) = c{mt)f 
for t 7^ 0, where m,t € Ai is the unique maximal element majorizing t and f is the 
idempotent in [t] * \t\ . Then c is an order-preserving cross-section. 

Proof. It is clear that for all non-zero idempotents f E S we have tojj-] = [e] and 
hence c([/]) = /. If 7^ s < t in 5'/~ then TOs = m,t and so 

c{t)c{s)* c{s) = c{mt)c{t*t)c{s* s)c{m,s)*c{ms)c{s* s) 

= c{'ms)c{t*t)c{s* s) = c{ms)c{s*s) = c{s) . n 

3. Busby-Smith Twisted crossed products 

Given a Busby-Smith twisted inverse semigroup action (A, 5", /3, w), define mul- 
tiplication and involution on the closed subspace 

L = {xe l\S, A) : x{s) G Es for all s e S} 

oflHS,A) by 

{x*y){s) = ^ (3r{Pr^{x{r))y{t))wr,t and x*{s) = Ws,s*Psix{s*y). 

We will show that the multiplication is well-defined in the proof of Proposition 3.1 
below. For a G -Eg we are going to denote by ads the function in L taking the value 
a at s and zero at every other element of S, so that L is the closed span of the ads- 
Then we have 

GsSs * atSt = I3s{l3j^{as)at)ws,t5st 

Notice that a^^e * ^t^t = aettt^t and a^^s * a^S^ — (3s{(3~^{as)ae)Ss. 

Proposition 3.1. L is a Banach * -algebra. 

Proof. First notice that [x * y) (s) G Es by Proposition 2.3(e) and so to show that 
the product is well-defined we only need to check that ||a: * y|| is finite: 

seS rt=s 

sesrt=s restes 

<J2\\(^r\<r))\\J2\\ym<\\x\\\\y\\. 

res tes 
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One can easily check that ||a;*|| = ||a;|| and so x* G L. For a E Eg we have 

{a6sr = P7}iws*,sP7\a))wlg.6s 

= <,./3,(«.,,/3,.(x(.)*))*) 

= w*^^*(3s{ws*,s(37'^ia))Ss (Proposition 2.3(d) ) 

= w*^^.Ws,s*Wss'-,sW*,^*sPs{l37^i(^))^s (Proposition 2.3(g) 

= aSs. 



Next we show that the multiphcation is associative. Let a, b and c be elements of 
Er, Eg and Et, respectively, and let ux be an approximate identity for Eg*. Then 
we have 



{adr * bds) * Cdt = (3rs{(^r}{(^r{(^r ^ {a)b)Wr,s)c)Wrs,tSrst 

= liui (3riP7^i<^)b)Wr,sPrs{uxc)Wrs,tSrst 
A 

= liml3r{(37'^{a)b)(3r{(3s{uxc))Wr,sWrs,tSrst 
A 

= Urn Pr{P7^ (<^)bPs{uxc))Wr,sWrs,tSrst 
A 

= \im (3r{(37'^{a)(3s{(37'^{b)uxc))wr,sWrs,tSrst 

A 
= (3r{(37'^ {a)(3si(37'^ {b)c))Wr,sWrs,tSrst 
= Pr{P7\a)Ps{P7\b)c)Ws,t)Wr,stSrst ( 2.2(c) ), 

= adr * {bds * cdt) ■ 



Finally we show that the involution is anti-multiplicative. Fix a E E^ and b & Eg 
Then we have 



^sT 



[adr * bds 

= {(3r{(^7\a)b)Wr,sdrsy 

= (37s\w:Jr{b*(37\an))w7.r.rsSs 



w 



s"-!-" ^rs 



(3s*r4KsMb*P7\an))Ss*r* ( 2.3(d) ) 



W:.^,^^Js*r*{<,s/3r{/3s{/37\b*l37\a*)mSs*r* 

W:.r.^rs(^s*r*{w;^sWr,s(3rs{(37\b*(37\a*)))w:^s%*r* ( 2.2(b) ) 

W*s*r*,rsPs*r*{Prs{P7^ib*(37^{a*))))Ws*r*,rsW*s*r*r,sW*s*r*,r^s*r'- ( 2.3(f) 

/37j'{/3rsi/37^ib* /37^{a*))))Ws.r*r.s^s*r*r^s*r* ■ 
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On the other hand, we have 

{bdsr*{adrr 

^ Ps*{w*^s*Ps{P7^(b*))Ws,s*sW*s*^sWl^s*Ws,s*P7^{a*)w**^r)Ws*,r*Ss*r* ( 2.3(f) ) 

- Ps*iwl,,b*(37\a*)w;,^,)ws*,r*5s*r* ( 2.2(c) ) 

= Ws*,ss*w*.^^^,w*.^Js*{b*(37^{a*)w;,^^)ws*,r*Ss*r* ( 2.3(h) ) 

= W*.^Js*{b*(37^ia*))Ws*,r*rWl,^*^^W*.^^,Ws*,r*Ss*r* ( 2.3(f) ) 

= P7\b*P7\an)w:.^,iMiE^.^.^)w:,,.js*r* ( 2.3(d) ), 

and so the equahty (adr *bds)* = (bds)* * (adr)* follows from Proposition 2.3(i) and 
(J). □ 

Definition 3.2. A covariant representation of a Busby-Smith twisted action 
(A, 5", /3, w) is a triple (tt, v, H), where tt is a nondegenerate representation of A on 
the Hilbert space H and Vg is a partial isometry for all s G 5", such that for all 
r, s G 5" we have 

(a) 7r(/3s(a)) = i's7r(a)i'* for a G -Eg*; 

(b) tori's = 'n{Wr,s)Vrs] 

(c) iJg has initial space 7v{Es*)H and final space ti{Es)H. 

To evaluate 7r(wr,s) we extend tt to the enveloping von Neumann algebra A** of A. 

We sometimes use the shortened notation (tt, v) if we do not need a symbol 
for the Hilbert space. Note that the above definition is a generalization of a covari- 
ant representation of an inverse semigroup action [Sie] , which is a trivially twisted 
Busby-Smith twisted action. 

Proposition 3.3. Let (tt, f , H) he a covariant representation. If s E S and f is 
an idempotent in S then 

(a) Vf is the orthogonal projection onto 7T{Ef)H; 

(b) Ve = 1b(H); 

(c) Vs* = 7r{ws*,s)v*] 

(d) vt=Vs*n{wls*); 

(e) vt=7r{wt*^s>s*. 

Proof. We have Vf = VfVfV*. = TT{wfj)vfV*r = Tv{lM(Ef))- Since E^ = A, (b) is a 
special case of (a) . (c) follows from the calculation t^^* =Vs*VsV* = Tr{ws*,s)vs*sV* = 
tt{ws*,s)Vs. We can get (d) from (c) upon taking adjoints. Finally using (c) we have 

^«*s>s* = 7r{wt*.Ws*,sK = 7r(lE,*J< = Tr{lE^,K = ^t ■ □ 
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Definition 3.4. Let (tt, v, H) be a covariant representation. Define -k x v : L ^ 
B{H) by 

(tt X v) {x) = ^ 'n:{x{s))vs , 
ses 

where tlie series converges in norm. 

Proposition 3.5. n x v is a nondegenerate representation of L. 

Proof. It is clear ttiat tt x z; is linear. It suffices to show multiplicativity for aSg 
and bdt where a E Eg and b E Et: 

(tt X v){a6s * b6t) = [n x v){Ps{P7^i(^)b)Ws,tSst) 
= 7r{(3s{(3~'^ {a)b)ws,t)vst 
= Vs7r{(3~^ {a)b)v*7r{ws,t)vst 
= Vs7r{wl*^^(3s* {a)ws*,s)Tr{b)v*VsVt 

= Vs7i:{w*.^^)vs*n{a)v*,TT{ws*,s)T^{b)v*VsVt 
= VsV*7r{a)vsn{w** ^^)n{ws* ,s)'^{b)v*VsVt 
= n{a)vsTT{b)vt. 

To show that n x v preserves adjoints let a (z Eg. Then we have 

(tt X v){a5sy = (7r(a)fs)* = f*7r(a*) = v*gVs'K{l3~^{a*))v*g 

= ',{^:\a*))vl = 7r(/37\a*))7r(«;:.,j7rK*,,)< 
= 'K{(3:\a*)w:,^,)vs-. = (tt X v){(3:\a'')w:,J,.) 
^{nxv){{a6,r). 

If {u\} is a bounded approximate identity for A then {u\6e} is a bounded approx- 
imate identity for L, since for a E Eg we have lim^WA^e * ^^s = liinxuxads = ads, 
and liuixaSs * u\de = lim\ (3s {(3~^ {a)u\)ds = (3s{(3~^{a))ds = ads- Since tt is a 
nondegenerate representation, (tt x v){ux5e) = T^iux) converges strongly to 1b(_h') 
and so (tt x v) is nondegenerate. D 

Definition 3.6. Let {A, S, (3,w) be a Busby-Smith twisted action. Define a C*- 
seminorm || ■ ||c on L by 

||x||c = sup{||(7r X i')(x)|| : {tv,v) is a covariant representation of {A, S, (3jW)}. 

Let I = {x E L : \\x\\c = 0}. The Busby-Smith twisted crossed product A Xp^yj S 
is the completion of the quotient L/ 1 with respect to ||.||c. We denote the quotient 
map of L onto L/I by $. 
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Note that for trivially twisted Busby-Smith actions this definition gives the 
inverse semigroup crossed product of [Sie]. 

Let (tt, i)) be a covariant representation of (A, 5", /3, w), and let tt x f be the 
associated representation of L. Since ker $ C ker tt x t;, we can factor tt x f 
through the quotient L/I and extend to A Xp^^^ S by continuity. We denote this 
extension also by tt x t;. Thus every covariant representation gives a nondegenerate 
representation of the crossed product. Proposition 3.8 will show how to reverse this 
process. The following lemma shows that the ideal / may be nontrivial. 

Lemma 3.7. If s < t in S , that is, s = ft for some idempotent f E S, then 
^{aSs) = ^{adt) for aU a E Eg. In particular ^{a5s) = $(a5e) if s is an idempo- 
tent. 

Proof. It is clear that a E Et. If (tt, v) is a covariant representation of {A, S, (3, w) 
then 

(tt X v){adft) = 7r{a)vft = Ti{a)Ti{w*f^^)vfVt 

= Tr{a)vt (Proposition 3.3(a) ) 
= (tt X v){adt), 

which shows that ^{aSg —aSt) = 0. The second statement follows from the fact that 
s = se. D 

In spite of the above lemma, we identify adg with its image in A x p^^ S. 

Proposition 3.8. Let {H, H) be a nondegenerate representation of A x^^„ S. 
Dehne a representation n of A on H and a map v : S ^ B{H) by 

7r(a) = n(a5e) and Vs = s-linill{u\ds) , 

A 

where {ux} is an approximate identity for Eg and s-lim denotes strong operator 
Umit. Then (tt, v, H) is a covariant representation of (A, 5", /3, w). 

Proof. TT is a nondegenerate representation, since {u\de} is an approximate identity 
for A xp^w S whenever {ux} is an approximate identity for A. We show that Vg is 
well-defined. If h E n{Es*)H then h = Il{a6e)k for some a G Eg* and k E H. Hence 

hm.Il(uxdg)h = \im.Il(uxSg)Il{ade)k = \im.Il{uxSg * ade)k 

A A A 

= limU{(3gi(3-\ux)a)dg)k = U{(3g{a)dg)k, 

A 

since f3g* (ux) is an approximate identity for Eg*. Note that the limit is independent 
of the choice of {ux} since the expression h = Il{a6e)k was. On the other hand if 
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h ± Ti{Es*)H then 



X 

A 

= limn(v/^5,)7r(/37i(v/^))(/i). 

A 

But Tv{Es*)h = 0, so Vs{h) = 0. Hence Vg is well-defined. Clearly Vs is a bounded 
linear transformation, and if / is an idempotent then Vf is the orthogonal projection 
onto Tv{Ef)H. Notice that 

V* = s-liniIl{u\Ss)* = s-liniIl{/3~ ^ {u\)w** s^s*) = T^iw** s)vs*- 

A A 

For s, t E S let {u\} and {uj^} be bounded approximate identities for Es and Et 
respectively. Then 

VsVt = s-hiall{ul5s *u^f,St) = s-liuiIl{(3siPs*iul)u^^)ws,tSst) 
x,n 

^ s-limU{ws,tSe)'n-i/3si/3s*iul)ul)Sst) = n{ws,t)vst, 

since the net {/3s(/9s*('u|)'U^)} with the product direction is an approximate iden- 
tity for (3s{Es*Et) = Est (using boundedness of {w^} and {"U^}). Thus v is mul- 
tiplicative. We have v*Vs = 7r{w** g)vs*Vs = Vs*s, which is the projection onto 
7i{Es*s)H = n{Es*)H. Hence Vs is a partial isometry with initial space 7r{Es*)H, 
hence final space Ti^Eg)!! (since vl = tv{w*., s)fs*)- 

The covariance condition is satisfied since if a G -Es* then 

Vs'n'(a)v* = VsTv{a)Tv{w** s)vs* 

= s-limH('UA5s * aw*, Je * (3~'^{u^)ds*) 

fi,X ' 

= s-\imU{/3s{/37^{u\)aw** J5s * /3~^{u^)5s*) 
= s-limIl{u\Ps{awl* .,)Uf^Ws,s*Sss*) 

fi,X ' 

= H(/3s(a)5e), 

since {(^^^{u^)} is an approximate identity for Eg*. D 

Proposition 3.9. The correspondence {ti,v,H) ^^ (tt x v,H) is a bijection be- 
tween covariant representations of (A, 5", /3, w) and nondegenerate representations 
of A xp^yj S. 
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Proof. Let (tt, -D, H) be a covariant representation of (A, 5", /3, to), and let (vr, f) be 
the covariant representation associated to tt x {i by Proposition 3.8. Then 

7r(a) = (tt X -ii)(a5e) = Tt{a)ve = ^^(a) 

tJs = s-hm (tt X 'ii)(wA5s) = s-liui TV (ux)vs = Vg , 

since '7r(t(,A) converges strongly to the projection of H onto Ti{Es)H. On the other 
hand, if 11 is a representation of A x^ S" and (tt, v) is the covariant representation 
associated to H, then for a ^ Eg we have 

(tt X v){ads) = Tr{a)vs = Il{ade) s-\im.Il{u\ds) 

A 

= s-limn(a5e * u\ds) 

= s-liin.Il{au\ds) = Il{ads)- 

A 

Thus the correspondence is a bijection. D 



4. Connection with twisted partial actions 

We have seen in [Sie] and [Ex3] that there is a close connection between partial 
actions of [McC] and untwisted inverse semigroup actions. There is a similar con- 
nection between twisted partial actions of [Ex2] and Busby-Smith twisted inverse 
semigroup actions, which is the topic of this section. Recall the definition of a 
twisted partial action from [Ex2]. 

Definition 4.1. A twisted partial action of a group G on a C*-algebra A is a pair 
(a, u), where for all s & G, as '■ D^-i -^ Dg is a partial automorphism of A, and for 
all r, s E G, Ur,s is a unitary multiplier of DrDrs, such that for all r, s, t G G we 
have 

(a) De = A, and cte is the identity automorphism of A; 

(b) ar{D^^iDs) = DrDrs] 

(c) ar{ois{a)) = Ur,sCtrs{ci')'U* g for all a G Dg~iDg~ij,-i; 

(d) Ue,t = Ut,e = 1m(A); 

(e) ar{aus,t)ur,st = Oir{a)ur,sUrs,t for all a G D^^iD^Dsu 

Recall from [Sie], that if ct is a partial action of G on A then the par- 
tial automorphism «=, ■■■«= has domain D -iD -i -i ■ ■ ■ D -i -i and range 

Ds^Ds^s2 ■ ■ ■ -Dsi ■••s„ for all si, . . . , s^ G G. A similar proof shows that this is also 
true for twisted partial actions, even if ctg. is replaced by q;~„\ for some i. 

i 

Recall from [Ex3] that for a group G, the associated inverse semigroup S{G) has 
elements written in canonical form [gi] [g^ ]■ ■ ■ [gm] [fi'm^] [^]^ where gi, . . . , g^ s G G, 
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and the order of the [(7i][(7~ ] terms is irrelevant. Multiphcation and inverses are 
defined by 

[^l] [9i'] ■ ■ ■ [9r^] [g^n'] [S] ■ [hi] [h^'] ■ ■ ■ [hr^] [Z^"^] [t] 

= [91] [9l'] ■ ■ ■ [gr.] fc'] H [«"'] [shl] [{shl)-'] ■ ■ ■ [Shr^] [{Shr^)-'] [st] 

and 

iidiM'] ■ ■ ■ [9m][9-'][s]r = [s-'9m][{s-'9m)-'] " " " [«-^<7i] [(«-^<7i) "^l i^"^] . 

The idempotents of S{G) are the elements in the form [fi'i][fi'i~^] ' ' ' [fi'"i][fi'm^][e], 
where e is the identity of G. The next theorem shows that every twisted partial 
action of G determines a Busby-Smith twisted action of S{G). 

Theorem 4.2. Let {A, G, a, u) be a twisted partial action. For all p = 
[9i][9i']---[9m][9;;,'][s] and q = [hi][h^^] ■ ■ ■ [K][h-'][t] in S{G), define E^ = 
Dg^ ■■■Dg^Ds and let 

Also let 

Wp,q = lM{Ep^}Us,t ■ 

Then (A, S'(G'),/?, w) is a Busby-Smith twisted action. 

Proof. Throughout the proof, let p and q be in the form p = 
[9i][9i^] ■ ■ ■ [9m][9^^][s] and q = [hi][h^^]- ■ ■[hn][h~^][t]. First note that for all 
p G S{G), (3p is an isomorphism between the closed ideals Ep* and Ep of A. Also 
note that Wp^q is a unitary multiplier of -E'p,^, since Us,t is a unitary multiplier of 
DsDst and Epq = Dg^ ■ ■ ■ Dg^DgOsh-, ■ ■ ■ Dsh^Dst is contained in DsD^t. If e is the 
identity of G then i?[e] = D^ = A, verifying Definition 2.2(a). For all p,q E S{G) 
we have 

which is the restriction of agCtf to 

On the other hand 

which is the restriction of ast to E(^pqy. Thus, Definition 2.2(b) follows from Defi- 
nition 4.1(c), since E^^pgy C Df-iDf-ig-i . To check Definition 2.2(c), note that if 

/ = [fi'i][fi'r^] ■ ■ ■ [fi'm] [fi-;;^] [e] is an idempotent in S(G), then Wf^q = lM{Ef^)Ue,t = 
lM{Efq) for all q G S{G). Similarly, Wqj = lM{Egf) for all q G S{G). Finally 
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to check Definition 2.2(d), let k = [/i][/i~ ]■■■[/;][/;" ]H, P and q be arbitrary 
elements of S{G), and fix 

a G Ek*Epq = D^-iD^-if^ ■ ■ ■ D^-if^Dg^ ■ ■ ■ Dg^DgOsh^ ■ ■ ■ Dgh^Dst ■ 

Tfien a G D^^iDgOgt, and so we fiave 

/3k{aU}p,q)u!k,pq = Pkia'i- M{Epq)Us,t)'i- M(Ekpg)^r,st 
= ar{aUs,t)Ur,st = ar{a)Ur,sUrs,t 
= ar{a)lM(Ekp)Ur,s'i-M{Ekpg)Urs,t 
^ Pk{a)Wk,pWkp,q. □ 

Tliis process works tlie otfier way too. Starting witli a Busby-Smitfi twisted 
action (3 of S{G), the restriction of (3 to the canonical image of G in S{G) gives a 
twisted partial action: 

Theorem 4.3. Let {A, S{G), (3,w) be a Busby-Smith twisted action. If as = /3[s] 
and Us,t = '^[s],[t] for all s,t G G, then (A, G, a, u) is a twisted partial action. 

Proof. Let Dg be the range of as for all s E G. If e is the identity of G, then 
De = E[^] = A. We have 

ar{D^-iDs) = im/3[r]/?[s] = im/3[r][s] = im P[r][r-i][rs] 

= im./3[r]/3[r-l]/3[rs] = E[j.]E[rs^ = D^Drs , 

which verifies Definition 4.1(b). Similar calculations can be used to verify the other 
conditions in Definition 4.1. D 

It is clear that the processes above are the inverses of each other. Thus we 
have a bijective correspondence between twisted partial actions of G and Busby- 
Smith twisted actions of S{G). Although the theory of crossed products by twisted 
partial actions has not been developed, we believe that the crossed products of 
corresponding twisted partial actions mentioned in [Ex2] and Busby-Smith twisted 
actions are isomorphic. This is, in fact, the case for untwisted actions, since the 
semigroup action constructed in Theorem 4.2 factors through the semigroup action 
giving the isomorphic crossed product constructed in [Sie]. We plan to pursue this 
in an upcoming paper. 

It would be interesting to know if there is a similar correspondence for the 
Green twisted actions defined in Section 6 below. It would first be necessary to find 
a satisfactory definition of Green twisted partial actions of a group. 
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5. Exterior equivalence 

Exterior equivalence is defined by Packer and Raeburn for twisted group actions 
in [PR]. We extend tfiis definition to Busby-Smitfi twisted inverse semigroup actions. 

Definition 5.1. Two Busby-Smitfi twisted actions (a, u) and (/3, w) of 5" on A are 

exterior equivalent if for all s G 5" there is a unitary multiplier Vs of Eg such that 
for all s,t E S 

(a) (3s = Ad 14 o as; 

(b) Ws,t = Vsas{lMiE,,)Vt)us,tV;t. 

We say that the exterior equivalence is implemented by V. Notice that for 
all s E S, as and Ps have to have the same domain and range. Also note that 
lM{E^*)Vt G E** since E** = 1m{e^*)^**- Hence we can evaluate as(lM(£'^.)^*) ^^ 
we extend as to the double dual of Es* . 

Proposition 5.2. Exterior equivalence is an equivalence relation. 

Proof. Let V implement an exterior equivalence between the Busby- Smith twisted 
actions (a, w) and {(3,w). Then taking adjoints we have as = Ad V* o (3s and 
Us,t = as{lM{E,.)Vt*)V*Ws,tVst = V; (3s{lMiE,*)Vt*)ws,tVst, so V* implements an 
exterior equivalence between {(3,w) and (a, w), showing symmetry. Reflexivity is 
clear by letting Vs = Im{Es) fo^^ ^ill s E S. To show transitivity let V implement 
an exterior equivalence between {a,u) and {(3,w), and X implement an exterior 
equivalence between {(3,w) and (7,-2). Then 

7s = Ad XgV; o as , 
Zs,t = Xs(3s{lM{E^*)Xt)u)s,tX*f 

= XsVsas{lMiE^.)Xt)V:Vsas{lMiE,,)Vt)us,tV:,X:, 

= XsVsas{lMiE^.)XtVt)us,t{XstVstr , 

which shows that XV implements an exterior equivalence between (a, u) and (7, z). 

D 

Proposition 5.3. If {a, u) and (/3, w) are exterior equivalent Busby-Smith twisted 
inverse semigroup actions of S on A, then A x^i^^ S and A x^ ^„ 5" are isomorphic. 

Proof. Suppose V implements an exterior equivalence between (a, w) and {(3,w). 
Let {tTjZ) be a covariant representation of (/9, w), and define Vs = iv{Vs)zs. We 
show that (tt, v) is a covariant representation of (a, w). If s E S and a G Eg* then 

niasia)) = n{V:(3s{a)Vs) = 7r(y;)z,7r(a)<7r(y,) = t;,7r(a)<. 
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We also have 

VsVt = n{V*)Zs'n:{lM(E,,)Vt*)zt 

= n{V:)n{Ps{lMiE^,)Vn)zsZt 
^7riV:)7riV,)n{as{lMiE^.)Vn)niV:)7riws,t)zst 

= 7r{Us,t)7T{V*t)Zst = 7T{Us,t)Vst- 

The other conditions of Definition 3.2 are clearly satisfied. Note that the images of 
IT X V and tt x z are the same, that is, (tt x v){A x^t^u S) = [tt x z){A X/3^^y 5"). 

Now suppose that tt x 2; is a faithful representation of A x^^^ S. Then $ ={n x 
z)~^ o (tt X t;) : A Xci,u S ^ A Xp^y^ S" is a surjective homomorphism. Similarly, 
starting with a faithful representation p x / of A x^ ,^ 5", we can find a covariant 
representation (p, m) of (/3, w) such that \1/ = (px/)~^o(pxm) : Axp^y^S -^ Ax^^^S 
is a homomorphism. We are going to show that \1/ o $ is the identity map, which 
implies that $ is an isomorphism. For a & Eg v^e have 

^ o $(a5s) = ^ o (tt X z)~'^{Tx{a)vs) = ^ o (yr x z)~^{'K{a)'K{V*)zs) 
= ^ o (tt X z)-^{ii{aV^)zs) = ^(aV;*5s) 
- (p X l)-\p{aV:)ms) = {px l)-\p{aV:)p{V,)h) 
^{pxl)-\p{aV:Vs)ls)=a5s 



Js • 



U 



Example 5.4. If we have two order-preserving cross-sections c,d : S ^ T iiv 
Proposition 2.5, then the corresponding Busby-Smith twisted actions (/3, w) and 
(7, z) defined by c and d respectively, are exterior equivalent, and so C*{N) xp^^ S 
and C*{N) x^ ^ 5" are isomorphic. 

To see this define Vs = d{s)c{s)* for all s E S. Then we have 

7s = Ad d{s) = Ad d{s) o Ad c(s)* o Ad c{s) 

= Ad d{s)c{sy o Ad c{s) =AdVsO(3,^ 

and 

Vsl3s{lMiE,.)Vt)w,,tV:t 

= d{s)c{syc{s)lM(E,.)d{t)c{tyc{s)*c{s)c{t)c{st)*{d{st)c{st)*)* 

= d{s)d{t)d{str = zs,t 

showing that V implements an exterior equivalence between {P,w) and (7, z). D 

6. Green twisted actions 

Green studies another type of twisted group action in [Gre] , and here we adapt 
this to inverse semigroups: 
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Definition 6.1. Let A be a C*-algebra, let 5" be a unital inverse semigroup 
with idempotent semilattice E, and let A^ be a normal Clifford subsemigroup of 
S. A Green twisted action of {S,N) on A is a pair (7,r), where 7 is an inverse 
semigroup action of S on A, that is, a semigroup homomorphism s t-* (75, Es*, Eg) : 
S -^ PAut (A) with Ee = A, and for all n E N, Tn is a, unitary multiplier of En, 
such that for all njENwe have 

(a) 7n = Ad Tn; 

(b) 7s(Tn) = Tsns* for all s G 5" with n*n < s*s; 

(c) TnTl = Tnl- 

We call r the twisting map, and we also refer to (A, S, N, 7, r) as a Green twisted 
action. 



Example 6.2. Let 5", E, N be as in Definition 6.1. Define Eg = span U {[/]:/ < 
ss* for some idempotent / G E} C C*{N). For all s G S" define 7s : Eg* -^ Es by 
7s = Ad s, and for all n G A^ define r„ = n. Then {C*{N)j S, N^'j^r) is a Green 
twisted action. 



Definition 6.3. Let (A, S", A^, 7, r) be a Green twisted action. A covariant repre- 
sentation of the Green twisted action (7, r) is a covariant representation (tt, -u) of 
the action 7 that preserves the twist r, that is, tt is a nondegenerate representation 
of A on the Hilbert space H, and u : S ^ B{H) is a multiplicative map such that 

(a) UsTi{a)u* = 7r(7s(a)) for all a G Eg*; 

(b) its is a partial isometry with initial space n{Es*)H and final space n{Es)H; 

(c) Wn = 7r(rn) for all n E N. 

To evaluate n{Tn) we again extend tt to the enveloping von Neumann algebra A** 
of A. 



Definition 6.4. Let {A, S, N, 7, r) be a Green twisted action. The Green twisted 
crossed product A x^^t S is the quotient of A x-^ 5" by the ideal 

Ir = n{ker (tt X w) : (tt, u) is a covariant representation of (7, r)}. 



Our definitions of Green twisted inverse semigroup action and Green twisted 
crossed product are generalizations of inverse semigroup action and crossed prod- 
uct defined in [Sie]. Every action (3 of S may be regarded (trivially) as a Green 
twisted inverse semigroup action by taking r^ = Im{e„) for all n in the idempotent 
semilattice E of 5", and we have AxpS = Axp^T-S. 
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Theorem 6.5. There is a bijective correspondence between nondegenerate rep- 
resentations of the Green twisted crossed product and covariant representations of 
the Green twisted action. 

Proof. Let "^ : A x^ S ^ A x^^r S he the quotient map. If 11 is a representation 
of A x^.,- S then 11 o \1/ is a representation of A x^ S and sollovl/ = tt x u for 
some covariant representation (tt^u) of 7 by Proposition 3.9. We show that (tt, w) 
preserves the twist. If a G En then for every covariant representation (p, z) of (7, r) 
we have (p x z) {aTnSe — aSn) — p{a){p{Tn) — Zn) — and so 

n{a){n{Tn) - Un) = {n x u){aTn6e - adn) = n o ^i{aTn5e - aSn) = n(0) = 0. 

Thus (^7r{Tn)* — u'^Tx{En)H = {0}. Since 7T{Tn)* and -u* are partial isometries with 
initial space 7r(£'„)i7, we must have 7r(r^) — w„ = and so (tt, w) is a covariant 
representation of (7, r). 

On the other hand, if (tt, u) is a covariant representation of the twisted action 
(7, r), then Ir C ker (tt x -u), and so there is a unique representation tt x^- ti of 
A Xj^r S defined by n Xj- u{'^{x)) = (tt x u){x). 

For the uniqueness, note that Proposition 3.9, in the absence of the Busby- 
Smith twist, gives a bijection between nondegenerate representations 11 of A x 75* 
and covariant representations (tt, tt) of (A, 5", 7). By the above argument, 11 kills 
the ideal Ir if and only if (tt, u) preserves the twist r, so we are done. D 

7. Connection between Busby-Smith and Green twisted actions 

There is a close connection between Busby-Smith twisted and Green twisted 
actions just like in the group case [PR]. In this section we show that starting with a 
Busby-Smith twisted action we can construct a Green twisted action with the same 
crossed product. Conversely starting with a Green twisted action we construct a 
Busby-Smith twisted action with the same crossed product. This latter construction 
depends on the existence of an order-preserving cross-section, suggesting that Green 
twisted actions are "more general" than Busby-Smith twisted actions. This may 
seem surprising since in the discrete group case there is an essentially bijective 
correspondence between Busby-Smith twisted and Green twisted actions. 

Theorem 7.1. Let (A, S, N, 7, r) be a Green twisted action, and suppose there is 
an order-preserving cross-section c : S/N -^ S. For q,r E S/N dehne 

Pq = lc{q) and Wq^r = rc{q)c{r)c{qr)* ■ 

Then (A, S/N, (3, w) is a Busby-Smith twisted action, and the crossed products 
A x^^T S and A xp^^ S/N are isomorphic. 
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Proof. First we show that (/3, w) is a Busby-Smith twisted action. If g, r G 

S/N then Wg^r is a unitary multipher of Ec(^q-jc{r) = Ec(^q-jc{r)c(r)*c{q)* since 

Tc(g)c(r)c(gr)* IS a Unitary multipher of £'c(g)c(r)c(gr)* = Ec(^q'jc(r)c{qr)*c{qr)c{r)*c(q)* = 

E c(q)c(r)c{r)* c(qY ■ K is clear that i?[e] = -Ee = ^- For q, r E S/N we have 

PqPr ic{q)ic{r) /c(g)c(r) /c(g)c(r)c(gr)*c(gr) 

= Ad rc(g)c(r)c(gr)* ° 7c(gr) = Ad Wq^r <=> Pqr , 

which verifies Definition 2.2(b). To check Definition 2.2(c) let / G -E and q G S/N. 
Then we have 

'^[f],q = ^/c(g)c([/]g)* = 1m(E[^],,,) = ^M{Ey^^) ■ 

To see this notice that since c is order- preserving and q > [f]q, we have c{q) > 
c{[f]q). Hence fc{q)c{[f]q)* = fc{[f]q)c{[f]q)* is an idempotent in [f]qq*. Similarly 
^g,[/] ~ 1m(£; [fi)- It remains to check Definition 2.2(d). If p, q, r E S/N and 

O' e -E'c(p*)-E'c(gr)5 then 

PpyOjWq^^jWp^q^. Tc(p) \'^''~c(g)c(r)c(gr)* J''~c(p)c(gr)c(pgr)* 

ic{p) \^)'c(p)c(q)c(r)c{qr)*c{p)*c(p)c(qr)c(pqr)* 
1c(p)\^)Tc(p)c{q)c{r)c(pqr)* 
Tc(p) \^ )Tc(p)c{q)c{pq)* c(pq)c{r)c(pqr)* 
= Pp{a)Wp^qWpq^r ■ 

Next we investigate the connection between (7,r) and {(3,w). Let (tt, z;) be a 
covariant representation of {13, w). Define Us = t^{tsc{[s])*)v[s]- We show that (tt, w) 
is a covariant representation of (7, r). First notice that -u is a homomorphism since 
for s, t E S we have 

UsUt = 'n:iTsc{[s])*)v[s]'n:{Ttc([t])*)v[t] 

^'^{rsc{[s])*)T^{P[s]{rtc([t])*))v[t]V[t] 

= T^iTsc(ls])*Tc(ls])tc([t])*c{[s])*)T^{W[s],[t])V[st] 
= T^iTstc([t])*c{[s])*)^{Tc([s])c{[t])c{[st])*)V[st] 

= 7r(rstc([st])*)f^M = ^st- 
To check the covariance condition let s G S" and a G Eg*, then 

'Us7r(aX = 7r(r5c(W)*)^W7r(a)i'i;]7r(r;^([^]),) 

= 7r(7sc([s])*(/3[s](a))) (Definition 6.1(a) ) 
= 7r(7sc([s])*c([s])(a)) = 7r(75(a)) 
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where we used the fact that sc([s])* G A^. It is clear that Ug has the right initial 
and final spaces. The following calculation shows that (tt, u) preserves the twist. 

= 7r(rn)P^(Sj^j)H (Proposition 3.3(a) ) 

We show that im (tt x^- w) = im {n x v). For a E Es we have 

7r{a)us = Tria)TT{Tsc{[s])*)v[s] = 7r(arsc([s])*)^[s] G im(7r x v) 
and so ini(7r x^- w) C ini(7r x v). On the other hand, 

7r{a)v[g] = 7r(ar;^([^])*)7r(rsc(M)*)'^W = T^{aT*^{[s]r)'^s e im(7r x^ u) 

and so ini(7r x^- w) D ini(7r x v). 

Next let (tt, -u) be a covariant representation of (7,r). Define Vq = Uc(q)- We 
show that (tt, v) is a covariant representation of (/3, w). If a G Eq* then 

Tv{(3q{a)) = 7r(7c(g)(a)) = Wc(9)7r(a)w*(g) = Vq7r{a)vq. , 
which shows that the covariance condition holds. We also have 

VqVr = 'Uc(q)'Uc(r) = ''^c{q)c{r)c{qr)*''^c{qr) 

= T^{Tc{q)c{r)c{qrY)Uc{qr) = T^{u!q,r)Vqr ■ 

It is clear that Vq has the right initial and final spaces. It is also clear that im (tt x^- 
u) D im(7r X v) since for a G E[s] we have Tv{a)v[s] = T^{a)Uc([s]) G im (tt x^- tt). 

Now let TT X i) be a faithful representation of A x^ „, S/N. Then by the above 
correspondence, tt x^ w is a representation of A x^,- 5" such that im (tt x v) = 
im (tt Xt- w), and so we have a surjective homomorphism ^ = {tt x v)~^ o (n x^ u) : 
A Xj^r S ^ A xp^^ S/N. Similarly, starting with a faithful representation p Xr z 
of A Xj^j- S the representation p x {z o c) can be used to find a homomorphism 
^ = (p x^ z)"^ o{px (zoc)) : A xp^^ S/N -^ A x^^^ S. We show that ^ o $ is the 
identity map, hence $ is an isomorphism. For a G -Eg we have 

^ o $(a5s) = ^ o (tt X v)~^{7T{a)us) 

= ^ o (tt X v)~'^{n{a)n{Tsc([s])*)v[s]) 
= ^(arsc([s])*'^[s]) 

= {p Xr Z)~^ O (P X {zoc)){aTsc([s])*S[s]) 
= (p Xr Z)~^ {p{a)p{Tsc{[s]r)Zc[s]) 
= {p Xr z)~'^{p{a)Zsc([s])*Zc[s]) 

^ {pXr z)~'^{p{a)zs) =ads. D 
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Proposition 7.2. If we use a different order-preserving cross-section b : S/N -^ S 
in Theorem 7.1 then we get an exterior equivalent Busby-Smith twisted action 
(a, u). 

Proof. The exterior equivalence is implemented by Vq = T~c(q)b{q)* because for q G 
S/N we have 

fiq = lc{q) = lc{q)h{qYh{q) = 1 c{q)h{q)*lh{q) = Ad Tc{q)h{qY ° 1b{q) , 

and for g, r G S/N we have 

Vqaq{lM{E^*)Vr)Uq^rV*^ = Tc(q)b(q)*7b{q){'^M{E^*)rc(r)b(r)*)n(q)b{r)b{qr)*T'*(^qr)b{qr)* 

= rc{q)lM{E^*)rc{r)b{r)*n{r)b{qr)*T*^qr)b(qr)* 
= Tc{q)'^M{E^*)Tc{r)Tb{qrYTb{qrY'^c{qr) = '^q,r ■ q 

Our next goal is to show that starting with a Busby-Smith twisted action we 
can build a Green twisted action with the same crossed product. The construction 
mimics that of Fell's in [Fel, Theorem 1.9.1]. 

Lemma 7.3. Let {A, T, /3, w) be a Busby-Smith twisted action. The set 

S = {udt : u G UM{Et), t G T} 

with multiphcation and adjoint dehned by 

Urdr * Utdt = (3r{(3~'^ {Ur)Ut)Wr,tdrt 

is an inverse semigroup with idempotent semilattice 

Es = {^M{Ef)df •■ f G Et}: 

where Et is the idempotent semilattice ofT. If for utdt E S, a E Et* and Ufdf in 

N ■.= {udf:ueUM{Ef), f e Et} 

we dehne 

lutdAo) = UtPt{a)ul and T^^^df = Uf , 

then (A, 5", A^, 7, r) is a Green twisted action. 
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Proof. To verify that S is an inverse semigroup note that the operations are weU- 
defined and as in the proof of Proposition 3.1, associativity holds for the multiph- 
cation. Also if Utdt G S then by the calculation in the proof of Proposition 3.1 and 
Proposition 2.3(k) we have 

utdt{utdt)*utdt = I3t{l3r^{ut)l3t*{l3r*^il3i^{ut)wt,^i-)ut))wt,t*wtt*,tdtt*t 
= utul(3t{wt,^t)(3t{(3t* {ut))wt,t*dt 

and similarly {utdt)*utdt{utdt)* = (utdt)*. It is easy to see that Es is in fact the 
idempotent semilattice of 5". The definition 

udr ~ vdt if and only if r = t 

gives an idempotent-separating congruence on S. The corresponding normal Clif- 
ford subsemigroup is A^. 

If a G E(^rt)* then we have 

lu^dAlutdtia)) = Ur'^r{utlt{a)ul)ul = (3r{Pr^ Mut(3tia)ut (3~^ (u*)) 

= (3r{(3~^{Ur)Ut)Wr,t(^rt{a)w*^t(3r{u*t(3~^{ul)) 

showing that 7 is a homomorphism. To verify Definition 6.1(b) note that by Propo- 
sition 2.3(k) for s = Utdt we have 

ss* = I3t{l3t^ {ut)l3t^ {u*t)wt* ^t)'^t,t*dtt* = /3t{uJt*^t)u!t,t*dtt' = 1m(e,,.)^«*' 
for all s ^ S. Thus if n = Ufdf G A^ and s = Utdt G 5" with n*n < s*s then 
^M(Eft*t)dft'-t = '^M{Ef)dflM{Ett,)dtt'- = n*ns*s = n*n = lM(Ef)df: 
and so / < t*t. Hence r^ = Uf E Et*t = Et and we have 

Tsns* = l3t{l3t^{ut)ufl3t^{u*t)wl,^t)wtjWtf,t 

= Ut(3t{uf)ulwt,t*tWu*,twlt* 

= Utl3t{Uf)u*t =7s(Tn)- 

The conditions in Definition 6.1(a) and (c) are easy to verify. D 
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Definition 7.4. The Busby-Smith twisted actions (A, 5", a, u) and (S, T, /3, w) are 
caUed conjugate, if there is a pair (p, (/>) such that p : A -^ B and (j) : S ^> T are 
isomorphisms such that for all s,t G 5" we have 

poas= (3^(^s)° P and p(ws,t) = «'<^(s),<^(t) , 
where p is extended to the double dual of A. 

The proof of the following is straightforward. 

Lemma 7.5. Conjugate Busby-Smith twisted actions have isomorphic crossed 
products. 

Theorem 7.6. If {A, T, /3, w) is a Busby-Smith twisted action and {A, S, N, 7, r) is 
the corresponding Green twisted action constructed in Lemma 7.3, then the crossed 
products A x^ „, T and A x^^r S are isomorphic. 

Proof. It is easy to see that the cross-section c : S/N -^ S defined by c{[udt]) = 
lM{Et)dt is order-preserving so if for all q^r E S/N 

Pq Tc(g) ciriCl Wq^r '^c{q)*c{r)*c{qr)* i 

then by Theorem 7.1, (A, S/N, (3, w) is a Busby-Smith twisted action and the crossed 
products Axj^r S and Ax ^ _^ S/N are isomorphic. We finish the proof by showing 
that (id, (f)) is a conjugacy between the Busby-Smith twisted actions (A, T, /3, w) and 
{A,S/N,/3,w), where 

(pit) = ['i-M{Et)dt]. 
It is easy to see that (p is an isomorphism. For s, t G T we have 

P^s) = M[lM(E,)ds]) = Ps 

and 

W^{s),<t>{t) = '^c{llM(E,)ds])c{[lM(Et)dt])c{llM(E,t)dst])* 
''"lM{Bs)9s*ljyf(£;^-|9t*(ljvf(E^^)9st)* 
= (^qr{(^qr {'^q,r)'^lqr)* ,qr)'^qr,{qrY = Wq^r , 

and so we are done by Lemma 7.5. D 

8. Decomposition of Green twisted actions 

Now we prove that in the presence of a normal Clifford subsemigroup, a Green 
twisted crossed product can be decomposed as an iterated Green twisted crossed 
product. The close analogy with Green's decomposition theorem [Gre] gives further 
evidence that in the inverse semigroup case, normal Clifford subsemigroups play the 
same role as normal subgroups do in the group case. 
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Theorem 8.1. Let {A, S, N, 7, r) be a Green twisted action and K be a normal 
Clifford subsemigroup containing N. Tfie restriction of'j to K gives a Green twisted 
action (A, K, N, 7, r). Let /U x^- to be the universal representation of A x^ ,- K, and 
identify A Xj^t K with its image under n Xr m. Let 

Es = span{//(a)mjt : a G E^, k E K, kk* < ss*} 

and define 

7s : Eg* -^ Es by 7s = Ad nis ■ 

Let fk = ruk for all k E K. Then (A Xj^j- K, S, K, 7, f ) is a Green twisted action 
and 

Proof. First we show that (7, f) is a Green twisted action. Eg is an ideal by the 
calculation in the proof of Proposition 3.5 and the fact that kJ^K and kk* < ss* 
imply kl{kl)* < ss* and lk{lk)* < ss* . It is clear that % is multiplicative and 
preserves adjoints. Since 

^s{P'{o)mk) = msii{a)mkml = ms^i{a)mlmsks* = /w(7s(a))"^sfcs* 

for all fx{a)mk G E^, 7s is a bijection and therefore an isomorphism of Es* to Eg, 
hence a partial automorphism of A x^^j- K. For n{a)mk G E{st)* we have 

so to show that 7 is a homomorphism from 5" to PAut A x^,- K we only need 
to check that dom7s7t = dom7st. First note that if T G At then T = linii T^ 
for some Tj G span {(U(a)?Bfc : a G Ak,k G K,kk* < tt*}. Hence, ii{lM(At))'E = 
limj (u(lM(At))Ti = T since for a G A^, k E K and kk* < tt* we have A^ C At and 
so 

/"(lM(At))/"(«)"^fc = ^{lM{At)a)mk = ^i{a)mk . 

Now, if T G dom7s7t then 7t(T) = lim^ T^ for some T^ G span {fx{a)mk '■ a G A^, k G 
K,kk* < s*s}. Then 

T = m*ij{lM{At))lt{T)mt = lira mtiJ,{lM{At))Timt , 

so to see that T G dom7st, it suffices to show that if a G A^, k E K and kk* < s*s, 
then 

"^tXlM(At))/"(«)"^fc"^t = /"(7t*(lM(^t)a))wt*fct G A(st). . 

This is true since 7t*(lM(yit)'^) ^ ^t*k = At*kk*t and t*kk*t < t*s*st = {st)*st. 
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To see that dom7s7t D dom7st, first note that At* D A(^sf^* since kk* < {st)*st 
imphes kk* < t*s*st < t*t. So it suffices to show that if a G A^, k E K and 
kk* < {styst then 

^t{P'{o)mk = mt^{a)mkml = ^{^t{a))mtkt* e As* . 
But this foUows since 

7t(a) G Atk = Atkk*t* = Atkt*tk*t* = Atkt*{tkt*)* = Atkt* 

and tkt*{tkt*)* = tkk*t* < tt*s*stt* < s*s. We used the fact that tkk*t* = 
tkt*tk*t*. This is true because tkk*t* is the unique idempotent in [t] [/c/c*] [t*] 
and tkt*tk*t* is the unique idempotent in [t][A;][t*t][/c*][t*] = [t][kk*][t*t][kk*][t*] = 

mkk*][n 

Next we show that Tk is a unitary multipher of Ek- If a G Ei for some / G K 
with //* < kk* then we have ii{a)mimk = ii{a)mik G Ek since lk{lk)* = II* and 
so lk{lk)* < kk* and a E Ei = En* = Eik{ik)* = Eik- We also have mkn{a)'mi = 
{p,{T^ a*)mk*Y G Ek since T^a* G Ei andjo r^a* e Ei = Ekk*i = jkk*{Ekk*Ei) C 
Ekk* = Ek- Hence fk is a multipher of Ek- The multiplier ruk is clearly unitary 
with inverse rn^. 

To check Definition 6.1(a) let k E K and n{a)mi G -Efc*. Then a E Ei for some 
/ G -ftT such that /*/ < k*k, so 

^k{fJ'{a)mi) = mkij{a)miml = fkij{a)mifk - 

Since for s E S and k E K with k*k < s*s we have 

7s{fk) = ls{mk) = nisnikml = rUsks* = fsks* , 

Definition 6.1(b) is verified and so we are finished showing that (7, r) is a Green 
twisted action. 

Next we find a correspondence between covariant representations of our ac- 
tions. First let (H, v) be a covariant representation of (7, f). Then II = n x^- u for 
some covariant representation (tt, u) of {'^Ikj t)- We show that (tt, v) is a covariant 
representation of (7,t) by checking the conditions of Definition 6.3. Condition (a) 
follows from the calculation 

Vs7r{a)v* = VsU{^{a)ms*s)v* = U{^s{^J'{a)ms*s)) 
= Il{'ysia)mss*ss*) = T^{ls{a)) . 

Since Vg has final space 

U{Es)H = span {U{^{Ek)mk) :kEK,kk* < ss*} 
= Il{n{Ess*)mss*) = T^{Es) , 
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Vs has the required initial and final spaces. The equality Vn = n(fn) = Il{mn) — 
n(/u(r^)) = Tv{Tn) for all n G A^ shows that (tt^v) preserves the twist. 

Next we show that if {n,v) is a covariant representation of (7,t), then 
(tt Xt v\K,v) is a covariant representation of (7,t). Condition (a) follows from 
the calculation 

Vs{7r Xrv\K){n{a)mk)v* = Vsn{a)vkvl = Vsn{a)v*VsVkV* 

= 7T{'ys{a))vsks* = (tt x^ v\K){n{'ys{a))msks*) 
= (tt x^ v\K){^s{fJ'ia)mk)) , 

where a E Ek for some k E K satisfying kk* < ss*. Conditions (b) and (c) are 
clearly satisfied. 

Now we investigate the ranges of the corresponding representations. If (tt x^- 
u, v) is a covariant representation of (7, f) and (tt, v) is a covariant representation 
of (7, r) then for a E Eg and s E S we have 

(tt x^ v){p,{a)ms) = Tv{a)vs = Tv{a)uss*Vs = {{tt x^ u) Xf v){^{a)mss*ds) . 

Hence the range of ttXt-z; is contained in the range of {tvXt-u)xv since n{a)mss* G Eg. 
On the other hand, for n{a)mk E Eg*, that is, a E Ej. for some k E K with 
kk* < ss*, we have 

[{iiXT-u)Xf v) {^{a)mkds) = 7r(a) {tvx^u) (fA;)z;s = 7r{a)vkVs = (tt x^ t;) {p,{a)mks) ■ 

Hence the range of (tt x,- w) x z; is contained in the range of tt x^ t;. 

Now starting with a faithful representation px^-z oi Ax~^^t-S we know that [px^- 
z\K) Xfz'is a representation of [Ax^^^K) x^^^S and \& = {pXTz)~^o[pXrz\K) XfZ 
is a surjective homomorphism. Similarly, starting with a faithful representation 
{n Xt u) Xf V of {A Xj^T K) x^ f 5" we know that tt x,- t; is a representation of 
A x^^T S and $ = ((tt x,- u) Xf v)~^ o (tt x,- v) is a surjective homomorphism. The 
relationship among these maps is expressed by the commutative diagram: 

AXj^rS ' ^— » im(pXrz) 

{pXTz\K)XfZ 

im.{{n Xr u) Xfv) « ' {A x^^^- K) X;y^f S 

(tTXt-u) X-fV 

We show that \1/ o $ is the identity map, which implies that $ is an isomorphism. 
For a E Es we have 

^ o $(a5s) = ^ o ((tt x^ u) Xf v)~^{n{a)vs) = '^{ij{a)mss*Ss) 

^ {px^ z)~^{p{a)zss*Zs) = fJ'{a)ms. n 
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Recall [Sie] that if /3 is the canonical action of the inverse semigroup 5" on 
its semilattice E (Example 2.6), then C*{S) = C*{E) xp S. Also recaU that if 
P is the trivial action of S on C, that is, Ps is the identity for all s G 5", then 
C*{Gs) — C Xi3 S, where Gs is the maximal group homomorphic image of 5". 
These results can be extended to Green twisted inverse semigroup actions. Similar 
results will be given for Busby-Smith twisted actions in Proposition 9.2. 

Proposition 8.2. Let S be an inverse semigroup with idempotent semilattice 
E, and let K be a normal Clifford subsemigroup of S. For all s & S let Eg be 
the closed span of {k E K : kk* < ss*} in C*{K), and de&ne as : Eg* — > Eg by 
as{a) = sas* . For k E K let ak = k. Then (C*(-ftr), 5", K, a, a) is a Green twisted 
action and C*{S) ^ C*{K) x«,^ S. 

Proof. Let P be the canonical action of 5" on its semilattice E. The result can be 
obtained by following through the isomorphism chain 

C*{S) = C*{E) xpS= {C*{E) xp K) x^ - S = C%K) x,,, S, 

U 
using Theorem 8.1. 

Proposition 8.3. Let S be an inverse semigroup with idempotent semilattice E, 
and let K be a normal Clifford subsemigroup of S. For all s E S let Eg be the 
closed span in C*{Gk) of {[k] : k E K, kk* < ss*}, where Gk is the maximal group 
homomorphic image of K and [k] is the canonical image of k in C*{Gk), d-nd dehne 
as : Es* -^ Eg by as{a) = sas* . For k E K let at = [k]. Then {C*{Gk), S, K, a, a) 
is a Green twisted action and C*{Gs) — C*{Gk) Xct,a S, where Gs is the maximal 
group homomorphic image of S. 

Proof. Let P be the trivial action of S" on C. The result can be obtained by following 
through the isomorphism chain 

C*{Gs) = CxpS^{Cxf,K) x^ - S ^ C*{K) x,,, S, 

D 
using Theorem 8.1. 

Recall from [Rel] that the Cuntz algebra is the C*-algebra C*{On) of the Cuntz 
groupoid On- Paterson recently found a connection between groupoid C*-algebras 
and inverse semigroup crossed products [Pa3] . The details of this connection will be 
included in his upcoming book. Using his results it is possible to identify C*{On) 
with a crossed product of Co(0°) by the Cuntz inverse semigroup On- 

Since the only normal Clifford subsemigroup of the Cuntz inverse semigroup 
is its idempotent semilattice, there is no nontrivial decomposition of this crossed 
product. This is further evidence of the rigidity of the Cuntz relations. The question 
remains whether the Cuntz-Krieger inverse semigroups [HR] have normal Clifford 
subsemigroups supplying a possible decomposition of the Cuntz-Krieger algebras. 



twisted semigroup actions 29 

9. Decomposition of Busby-Smith twisted actions 

Since every Busby-Smith twisted action corresponds to a Green twisted action, 
we can apply our Decomposition Theorem 8.1 to Busby-Smith twisted actions. 

Theorem 9.1. If {A, T, /3, w) is a Busby-Smith twisted action and L is a normal 
Clifford subseniigroup of T with an order-preserving cross-section c : T/L -^ T, 
then the crossed product can be decomposed as an iterated Busby-Smith twisted 
crossed product 

Proof. Let (A, S, N, 7, r) be the Green twisted action corresponding to (A, T, /3, w) , 
constructed in Lemma 7.3. Let ~l denote the idempotent-separating congruence 
on T determined by L. Define a normal Clifford subsemigroup 

K = {utdt : ut G UM{Et), t G L} 
of S. The corresponding congruence relation on S is given by 

udr ^K vdt if and only if r ^^ t- 
By Theorem 8.1 there is a Green twisted action [A x^^- K, S", K, 7, f ) such that 
Ax^^T S is isomorphic to {A x-^ ,- K) X;^ ^ S. Define a cross-section 

d : S/K -^ S, d{[utdt]) = lM(ii;,([,]))5c([t]) • 
To see that d is order-preserving, let [usds] < [utdt] in S/K. Then [usds] = [utdt * 
(usds)* * Ugds] and so s ~l ts*s. This means [s] < [t] in T/L and so d{[usds]) < 
d{[utdt]) because 

d{[utdt])d{[utdt\yd{[utdt]) = lM(E,([ti))^=([*]) * ^M{E,am*)^<lt]r<m 

= «'c([t]),c(M)*c(W)9c([t])c(M)*c([s]) 
= 1m(E,([,]))9c([s]) • 

Hence by Theorem 7.1 there is a Busby-Smith twisted action {A x-^^r K, S/K, a, u) 
such that {A x-^^j- K) Xj^f S and {A x^ ,- K) Xa,u S/K are isomorphic. By Theorem 
7.6 there is an isomorphism p : A xp^^ L -^ Ax^^t K, and it is easy to see that 

4>:T/L^S/K, m\) = \^MiE,)dt\ 

is an isomorphism. So if for all s, t G T/L we define 

/3s = p~"^ o a^(s) o p and Ws,t = P~^{u^(^s),4>(t))-, 

then (A Xf^^^ L,T/L,I3, w) is clearly a Busby-Smith twisted action, which is conju- 
gate to {A Xj^r K, S/K, a, u). Thus we have the following chain of isomorphisms 

A Xp^yj 1 ^ A Xj^T S 

= {Ax^^^K) x^^^S/K 

= {Axp,^L)x-p^^T/L. U 
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Using Theorem 7.1 we get analogs of Propositions 8.2 and 8.3 for Busby-Smith 
twisted actions: 

Proposition 9.2. If {C*{N),T/N, l3,w) is the Busby-Smith twisted action of 
Proposition 2.5, then 

C*{T)^C*{N) xp^^T/N . 



Proposition 9.3. Let S he an inverse semigroup and let N be a normal Clifford 
subsemigroup with an order-preserving cross-section from S/N to S. Then 

C*{Gs) = C*{GN)y<(3,^S/N. 



This material is based upon work supported by the National Science Foundation 
under Grant No. DMS9401253. 
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